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CLOSURE PROPERTIES OF CONTEXT-FREE LANGUAGES

context - free languages

Deterministic Non-deterministic

(DCFL) (NCEL)

also simply CFLS

Closure Property
A set is closed under an operation if the operation
can always be completed with elements in the set

CLOSURE PROPERTIES of CFLS

Closed under Not closed under
• union . intersection
° concatenation a complement
• Kleene closure
• Reversal



CLOSURE PROPERTIES

UNION

If l , is a CFL and Lz is a CFL
,
then 4 Ula is

a CFL

° or operation ( L, or La)

Question 1

L
,
= { an bncm I m to and n 203

Lz = { an bmcm I m 20 and n 203

Show that they are closed under union as CFCs

> L , 7

L

) Lz 7

s → S
, 152 context

S
,
→ (2,7 fire

Sz -1 (Lz)



CONCATENATION

If l , is a CFL and Lz is a CFL
,
then 412 is a CFL

s→ S
, S2

S
, →

CL, )

Sz→ (Lz)

Question 2

L
,
-

- { anbn I n z 03

Lz = { cm dm I m 203

L -- L , L, = { anbncmdml nzo
,
mzo}

PDA :

° push a 's to stack Eg pop b 's once breached
° once Zo reached

, push c's to stack until a d is seen

° resultant PDA → CFL

KLEENE CLOSURE

If L is a CFL
,
L
't
is a CFL

Question 3

L -- Ian bn In 203

L
't = { Can bn)

*
I n 203

S → AS I X
A-→ aAb IX



REVERSAL

If L is a CFL
,
LR is a CFL

NON - CLOSURE PROPERTIES

INTERSECTION

° Intersection of a CFL with an RG is a CFL

° Intersection of a CFL with a CFL is not a CFL

Question 4

L
,
{ ambncn I m ,n 203

L, = { anbncm Im ,n , 203

L
, AL , = { anbncnl n 203 → not context free

cannot construct PDA

RE and CFL

• cross product of PDA and DFA
• run paths parallelly from single start state
° if both reach final state

, accepted



COMPLEMENT

L
,
→ CFL

, LT → not CFL

°

According to DeMorgan's Law , L
, Ah , = ETI

,

° Assume complement to be closed and let L, G L
,
be

CFLS

. Then ,
LTUET should also be a CFL

.

However
,
the LHS

L , n Lz is not a CFL
.

• therefore
, complement is not closed under CFLS

CLOSURE PROPERTIES of DCFLS

° only closed under complement
• sure about when to push / pop ( single path)

NON - CLOSURE PROPERTIES

UNION

L -- Can bn Into }
L! = { cm dm l m 201 af

4

DC FL

L -- L
, Utz is DCFL → CLOSED

Lz



Questions

L
,
= fan bmcm

L . -- lanbncmtnh.hn:8 }
L -- L

,
U La

ay
4

not DCFL NOT CLOSED

at La

. Not necessarily closed

INTERSECTION

• Not necessarily closed under intersection

L
,
= anbncm

Lz = an bmcm

L =L
,
n Lz → not DCFL

CONCATENATION

• Not necessarily closed under intersection

L -- Can bn Into }
L! = { cmdmlm 201

L -- L
, Lz is DCFL can make PDA



Question 6

L
, =
Can bm I m c n}

Lz = I w eWR }

I=L , La
-

- { anbmwcwr }

for example w = abbpbbbacabbb
don't know

non-determinism

to start w from
here

L is not a DCFL

REVERSAL

If L is a DCFL,
LR is not necessarily a DCFL

CLOSURE PROPERTIES

COMPLEMENT

L
,
→ DCFL

, LT → DCFL (closed under complement)

Question 7

L -

- Lan b
"

I n 203



a :alaa b :alt
a : ZolaZo

n. a
b : al X X : Zo ) Zo

,→ s

b '

.to/Zoa:blzo
V

e
a'- al Zo

U
b : alto

° flipped States

a :alaa b :alt
a : ZolaZo

n. a
b : al X X : Zo ) Zo

,→ s

b '

.to/Zoa:blzo
V

e
a'- al Zo

U
b : alto



ANSWERING QUESTIONS ABOUT CFLS
my q

I . Is a CFL empty?

° if start state s is non-generating

s→ non generating
. if start symbol is non- terminating

s→ aAlbBl C
A- → AAI Aa IBB non- terminating
B → BB I Ba laA
c → BAI AB Iasb Ibsa

• emptiness is a decidable property

2- Is a CFL finite ?

• if there is a loop , the language is infinite

ca) s→ aSbl X infinite

(b) SLAAl bBIC ,
A → Abl BB infinite
B.→ BB I as

)

ro
decidable



3 . Is a string w a member of the CFL ?

° derivable strings → can use CYK algorithm

° decidable

4. Are two CFLS equal ?

° no algorithm to prove equality of CELS

• algorithm exists for RLS Cif start States indistinguishable)

5
. Is the CFL ambiguous ?

° not decidable; no algorithm

PUMPING LEMMA

° Have to consider state as well as the stack contents

°

Pumping lemma cannot be used in the same way as a

regular language
• work with CNF grammars and we work with long strings
greater than number of non -terminals in the grammar

° Unlike Rls where we focus on number of States

. Divide into 5 parts

°

Only can prove if L is not CFL C contradiction)



Questions

A- → 134011 pumping using parse tree
B -3 BAI CCI 1/0
( → ABI O

non -terminals =3 w -

- 11100010 parse tree
Iwl Z 23=8

A repeated terminal→ infinite

B C

B A A B

B C 1 o
1

""
w:*:*:*

.

C C w = 11100010

1 O
O O



A

W -- 11110000010
B C

B A A B

B C 1 o
1

B

1 A

B C
C C

1 O
O O



W = l l l O 00 10 first iteration
u w w - w

u v w x y

w = l l l lo OO OO to second iteration
u w w - w

u v w n y

w = I 1111000000010 third iteration
www-

u v w u y

. only v g x keep changing
1word I Zn n -- no . of variables
IVWKI Em

Nxt 21
° note : not used to prove L is CFL; only used when we

cannot construct a PDA

Question 9

word
L ' fanboy

→
w = a

"
b
"

m -- 20

←
word

,
not

lwlzm
segment w

19 19
a a x b b

u v w x y



Question 10

L = { an bncn I n 203

° Assume an bncn is a CFL

. Let s = a'
'

b'
'

c
'
'

p
-

- pumping constant
no

.
of variables

1st Z p

I Vwxl E P

I Vxl 21

How to split

case I

° VWK is made only of a 's

p p p

a b c

V W K

° Vx together must contain at least one a

a a bb cc

g①g④T → not in L



case 2

° Vuk is made only of b 's

p p p
a b c 4L
u vwx y

case 3

° VWK is made only of c 's

p p p
a b c x FL-

u vwx y

case 4

° vwx is made of some a 's and some b 's

p-2 P-2 p
a ⑨④④ bc FL
u v w x y

case 5

° vwx is made of some b's and some c 's

p p-2
a b
"

①③④ c 4L
u v w x

y
° cannot span over all carb , c) as I own l E p



Question 11

L -- Iss Is C- Laib 's
't }

• cannot construct PDA (only for SSR)

• Let s = amb amb
,
m -

- no .
of variables

° Ist z m ✓

° divide into u
,
v
,
w
,
x
, y

Placement of u ,v ,
w

case I

° Vwx contains only a's

✓
i
w ai for i -- 2

a am
-

Za m
b

u

" ⑥ w ④ b

g FL

°

pump in , more a 's in the first part

case 2

° Vwx contains both a's and b's

aunt
'

any b Cf L



Cases

° Vwx contains only b 's

⑤ * a

case 4

°

VWK contains only a 's

⑤ ¢ .

Case 5

°

Vwx contains b's and a 's

am ¢ '

case 6

° Vwx contains both a's and b's

a⑤ *
e



Question 12

£ fan bman In Im }

Assume L is CFL
, p

-

- no . of variables in CNF

w
,
Iwl Z p

u①x⑨z= w
loop

lvxyl Ep cannot span entire string

Ivy l t l

W = aPgPcp

case 1

a
P
bPap

arty IT
ap-12 b.Pap ¢ L

case 2

ap BP AP
u ray z

apbptdap ¢ L



<

case 3

÷
.

lat.gl ; 4 L

case 4

a
P
bPap

Aaa .
. . b . . .

bbaa - - - aa

TvxyT

case 5

a
P
gPap

aa.IE#..zaa-
u

ray

Question B

L -- { an bmcndntm In ,
mzo }

Assume L is CFL
, p

-

- no . of variables in CNF

w
,
IWI Z p

u①x⑨z= w
loop

lvxyl Ep

Ivy l t I



W -- aPb9cPd Ptg

case I

Vxy in only a's → nacw) =/ new)

case 2

adf.ua#-.-bbcc...ccdd.-.dd-Z

o d will not match ntm

• atc

case 3

only b's → d 's will not match

case 4

be → d 's not matched

case 5

only c 's → a qc not match

case 6

vxy over Cabo) → ruled out

case 7

Ury over ed → at c

case 8

only d's → won't be ntm



* Question 14

L -- { an
'

In 203

perfect squares

L -- { X
,
a
,
a
"
,
a
9
, a
"
, . . .

}

Assume L is CFL
,
k -- no . of variables in CNF (pumping constant)

W
,
IWI Z k

u①x⑨z= w
loop

lvxyl E k

Ivy 12 I

let n-- K
'

4

Let w -- a
"

t i 20 , W E L ,
w = uvinyiz

W contains only a's

vy
→ a

P
cpump p times)

w = ak
"

TP
= s (new string)



• to get the next perfect square of nz → Ln-1132

• for a

"
"

,
next string is a

(h't ')
'

(K
" -12k't l)

a

if p -- 2K
'
-11
, only then the language is accepted

i
. Ivy I would be 2k' -11

but lvyl E k

* Question 15

L= { ah
!
In 203

w = am !
v= a
"

m !
- y

-

- a
"

u v x y 2

Ak
,
Tak
,
- k

uvrcyzm
! tak , take

= m ! TK

m ! -1k I m ! tm E (Mtl) !

an ! not CFL



turing
MACHINE

• More powerful than CFLS

. languages - recursively enumerable languages
•

Turing award - highest award given

Alan Turing ,
1936

• created an abstract machine (paper on computable Numbers
- 1936)

•

computing done on paper using symbols

° Imagine paper to be tape divided into square boxes and

the tape is an abstract machine

• Behaviour of a computer (person) determined by the symbols
they are using and their state of mind

° Transition depends on what state one is in and what one is

looking at on the tape

Turing machine

tape - memory

← →

each I bionfhnitfirecifion,
can readhelawdrite ] can

move to left right
hold a single cone cell at a time);

symbol
unlike FSMIPDA



blank
For w = 00011
I symbol) I

- . - D D O O O l l D D - - -

special symbols called
blank symbols (not empty)
B or - or

° Any computation that a modern computer is capable of

performing can be performed ( computed) by a Turing machine

• If a computation cannot be performed by a Turing Machine
,

then it cannot be performed by a modern computer

• Tape data structure acts as input, output and stores

intermediate memory ( infinite memory)

Formal Definition of Turing Machine

7- tuple , M = ( Q
,
T
,
D
,
C
,

d
, go ,

F )

gamma Q - finite set of States
(toe) Lt - tape alphabets

D - blank symbol
E - alphabet
J - transition function

go
- start state

F - set of final States

statue ,input symbol
readywrite

←

d = Osx t→ Rx Tx { L , R }
[ move to the

left or right



I

° TM is more powerful than FA and PDA and any string
accepted by them is accepted by TM

Question 16

L -- ha
" bn In 21} show acceptance by TM

w = aaabbb

-
- - D a a a b b b D D - - -

T
NW head

u
v

u

✓

a a an b b ba s X a a Y b b 2 x x a Y Y b

T T T

X a a b b b x a a Y b b X X a Y Y b

T T T

X a a b b b x x a Y b b X X a Y Y b

T T T

X a a b b b X X a Y b b x x x Y Y b
T T T

X a a Y b b X X a Y b b x x x Y Y b

T T T

X a a Y b b X X a Y Y b x x x Y Y b
T p t

xxx
done



Machine CY
,
Y , R) CY

, y , L)

current Casa ,R) Casa , L)
input
t Yinger Q
ca
>
X
, R) Cb

, Y, L)
→ Go 3 9 , 3 92

r

(Y,Y,R)

(X
,
X
,
R)

V (D ,D , R)
(Y ,Y, G 93 > 9f

Question 17

f- Lanbncnlnzl 's

w = aabbcc

.
. . D a a b b c c D D ' - '

(2,2, L)X Y Z
(Y,Y , L)

(Y ,Y, R)
(2,2,R) Ca

,
a ,
L)

Ca ,a ,R) Cbgb, R) (bib , L)

Ca ,X, R)
A

Cb,y,

A A
→ 90→ q, s qz

(92>"
s q,

r

CY
,-1,127

Cx,X , R)
✓

(D
,D.RID

7 3 9fCy,-1,127C
,
94

125hm
Jez

, 2,127



Acceptance

°

No outgoing transition from final state

→ , ✓

> X

° If machine halts in a non-final state or enters an infinite

loop , the string is rejected

Infinite loop

a b a

Cbgb , L)
Ca
,
a
,
R)

a
→ go 3 9,

• If machine halts on final state
, string is accepted



Turing machine

Decider Acceptor
decidable

o f w EL or ° WE L
recursive

• all strings of . particular string
a language algorithms in a language

• either accepts all . only concerned
or rejects all about a single string

Halt and Halt and Halt and Reject
accept reject accept

'

Turing accepted machine halt a

• Recursively enumerable language unpredictable

continuation of Question 16

L = {a" b
"

I n Zo}

Transition function

oscqo , a) = (go , X , R)

8 (go , b)
= halt write for

8cg , , a) = (q , , a , R)
X KY also

Scali , b) = Cqz
,
Y
,
L) call tape

symbols)



CY,Y , R) CY
, y , L)

current Casa ,R) Casa , L)
input

twelfth Q
ca
>
X
, R) Cb

, Y, L)
→ Go 3 9 , 392

r

(Y,Y,R)

(X ,X , R)

V (D ,D , R)
(Y,Y,R)G 93 s tf

Transition table

state a b X Y D

→

go q , ,X , R halt halt qz,-1,12
halt

9, 9
, ,a, R 92,4, L halt q, ,Y,R halt

92 92,9,
L halt go ,X,R oh ,Y, L

halt

qz halt halt halt
qz,Y > R off ,D.R

qf halt halt halt halt halt



Question 18

L -- { om Ion l n ,mzI } Language of Multiplication

ilp → otp = OMM

. - - om I on D O
Mxn

. . .

T
/ blank

t
output written

input separator on tape

. Perform repeated addition

I 23
o W = 000 I 00

1st O Is print 00
ooo ooo on tape(007×3 2nd O → print 00

3rd o → print 00

W -

- 000100 DD DD D D D D

'i't.it
X DOO

00

A continue



(Atoll)

f)
minimum yp -- 010

L NOT I

CAN ,4 CD ,DIRK) machine should
Gg ) 910 ) 911

be modified
n

(1,1 , L) (0,0 ,R) (0,0,R)

→ go
(QAIM

,# Cbl , R)
, q,

101×1127
,
?

^

CHAIR) (D,D , L) (Xix , R) (D
,
D
,
R)

V
U

98
r

96 95
CCBO ' " go,

① mom O O
(0,0 , L) (0,0, L) (0,012)(1,124 v CD ,D , L)

q,

°
(X ,0,4

W = 000100 DD DD DDD

= A 001×0 DO D DD DD

= AOOIXXDOOD DDD
= A 001001300 DD DD
= AAOIXOD 000 D DD
= AAOIXXD 0000 DD
=
A AOI OOD 0000 D D

= AAAIXOB 00000 D

= AAAIXXD 000000

= AAA 100 D 000000
= 00010013000000



Question 19

f- {Ww1 w Ela,b3* }

° write down logic y then construct - mandatory
• must find centre

° divide string of even length into 2 equal parts
° if length not even , halt
• match first half with second half

w = abaaba

D D a b a a b a D D

D D A b a a b D a D
find

D D A B a a D b a D } centre
D D A B A 0 a b a D

T centre

D D a b a D a b a D

D D A b a D A b a D

'' ' A

Bf Yaa ; aa ; )
match

D D A B



odd strings will get stuck here

ca,a,R)
(b , b , R)

{ab;Fg
,

A cash" > 93 (Ba , L)

→ go s 9,

""
'
D '"
' 92 Cb ,D,R) CD,b,L)

} "
r

(D ,D,L)
) 94 (D,D , L)

CB,B,R)

V LA
,AIR) v

97 96

(Aga, L)
Cb ,b,R) (A ,AiR) ①Ca,a, R) (B)BIR)(B ,b, D la,a , L)

✓

CD ,D,R) Ca,A , R)
A

CD
, D. R)

,

Cb
, b)L)

(Asa , qg s qg 2 99 910
(B,b , L) n

(D)13,1214 Lb ,B,R) EF ;#Y,}} Casa , L)

v nu v

< (D ,D, R)
(b)B) L) JCA ,

A ,L)
915 911 7912 )

913 ( B,B,L)

U
(a)ask) (B ;D , L)
Cbgb , R) v

CB , B , R) 914
(A)AIR)

①
Ca
,
a,l)

(b)b) L)



Question 20

Language of subtraction

write c 's onto tape
° if a > b : c

o if b> a : - c

L-- { ambnck I k -- m-n In,mZl }

. # a 7 #b
o # a C #b
a # a = #b

#a 's > # b's

copy # of c 's [ aabccc → should halt]

⇒ Ken --m or

a = #b t#C xp

a a a a b b c c B D D match a 's g b 's

X a a a Y b C C D D D

X X a a Y Y C C D D D

X X X a Y Y Z C D c B

X X X X Y Y 2 2 D C C



aaaabbcc
xaaay

xxaayyc

XXXAYYZCBC

XXXXYYZZDCC

Tho → 98

1) Only for #a's = # b 's j NOT COMPLETE YET

( x ,X , R)
(Y , Y , R)

(YY, R) (a,a,L)
(a.ask)

(a,a , R) (Y,Y,L) f)
✓ Ca,x,R)

A J L

→ go sq,
'b'Y't}

q, 97
(C)2,12) n

(C
>2,12)

cannot loop back Ca,X,R)
to Go as no

✓
a

demore b's

cc,c, R) G
(DoD , R) CD

, GL) (X,X,R)
93 ? 94 395 396

no
start write more
here ① U a's

(C)C)R) (D,D, L)
(Y
,
Y
,
R)

cc
>Cst) v

(2,2 >L) (
(Y,Y,R)

(Y,y, L)
98 )

( a ,a , t)
(2,2,R)understand this first

✓

go ID 'D )"" gg GG,2 , R)



2) # a 's = # b's Eg # a 's L # b's
aabbbbcc

f
XXYYYBZCD-C

Xaybbbcc XXYYYYZZD - cc

XXYY bbcc This -91g

( x ,X,R)
(Y ,Y, R)
(a.a >R)(Y,Y,R) Casa,L)

Ca,a , R) CY,Y,L) f)
✓ Ca,x,R)

A J L

→ go sq,
'b'Y't}

q, 97
(C)2,12) n

(YY, R) cc,z, R)
cannot loop back Ca,X,R)
to Go as no

(c)SR) vs
demore b's

CD,D , R) CD
, GL) (X,X,R)G g, 394 395 396

no
start write more

CY,Y,R) here ① U a's
✓ DLD ,D,R) (GC ,R) (D,D,L)

(YY
,
R)

911 ) 912 J#a=# b CC
> C) t) v

acceptance of#b7#a
#a=#b

(2,2 >L) (
(YY,R)

(b ,Y , Cy,y, L)
98 )

(2,2 , R) ✓
( 9,9 , L)

Cbgb ,R) cc
> 2,127 (D ,D , R) (2,2, R)

913 ? 914 ' 915
↳ n

ur ID , D)RID
✓

gap ,R)(b)4,127 cc,c,R)
CD
,
- ,R) 910 9g

C-
,
- in T

acceptance ofu

Hit,R) (D,c , L) # a > # b
Gg C 9h C 91624,4127

Cbgb,L)

(2,312) 44%2,44
C-
,;D

(2)2,12) v CD
,
D
,
L)

Gay (D 'D 'M
, go c- acceptance

of

# at# b



Question 21

L= { on In
'

,

n 213

n=3

w = 000 l l l l l l l l l

X 00 YYY 111111 roughly
X X OYYYYYY 111

Xxx Yyyyyyyy

Tape contents

1st D O O O l l l l l l l l l B

→ D Z O O l l l l l l l l l D

D W O O Y l l l l l l l l D

D W x o Y Y l l l l l l l B

D W X X Y Y Y l l l l l l D

2nd D Z O O Y Y Y l l l l l l D

→ D 22 O Y Y Y l l l l l l D

D W Z O Y Y Y Y l l l l l D

D W W O Y Y Y Y Y l l l l D

D W W X Y Y Y Y Y Y l l l D

rd D 220 Y Y Y Y Y Y l l l D

3→ D 2 22 Y Y Y Y Y Y l l l D

B W 22 Y Y Y Y Y Y Y l l D

D W W 2 Y Y Y Y Y Y Y Y l D

D W W W Y Y Y Y Y Y y y y D

D 22 2 Y Y Y Y Y Y Y Y Y D ✓ accepted



Logic
1) Check if 0 exists

2) check if n l 's corresponding to that 0 exist

3) Repeat
(2/2,12) (2/2,1)
CYIY,R) CYIYL)
(010,12) (010,4

(012't)
( DID , R) (21W , R) City > L)

→ go 7 9, 3 92 ? 93 ' 94
> r

(DID,R) one word of (Wlw ,R)size- nmatched (21W,R)
(2/2,12) (01×112) CXIX > R)
Q v

(
(0121L) (DID,R)

,

102L) slyly , L)Eg 98 ' 97 96 95
no① (while)

(212 ,L) (YIY , R) CXIO ,
D

v

(DID
,
R)

910 ) 911

U
414,127



Alternate machine

° Smaller GIZ, R) (212,t)
CYIY,R) CYIY

,
L)

(212,12) (212, L)
(01912) (0/0,4

A (012 , 7 A
city , D
Qt

( DID , R) (21W , R)
→ go 7 9, > 92 ? 93 ' 94

r r

CYIY , L) (XIX ,R)
(Wlw ,R)

(YIY , R) (DID , R) u

95 ?
CHO

,
L)

(WIZ ,L)
✓

(DID
,
R)

96 I 97

U
414,127

Logic
Question 22

°

every round,
check for (Yz) of the

1=102^1 n 203 remaining zeroes

n=3 . strike out alternate

Zeroes

B O O O O O O O O D

D X O X O X O X O D o

eg: for 8 O's
,
first

D X X X O X X X O D round 4 will go, then
D X X X X X X X O D 2

,
then I then I

D X X X X X X X X D



NIX,R) (XIX ,R) cxlxil)

Q
(01×12)

Q Q
> (DID ,4

,
CXIX ,L)

,

(DID ,R)
,→ go 9, 92 93 94

y
r Colo ,R)

④ ID,R) (DID,L)

L

*
(010,4
(XIX;D

Alternate machine
④ ID,R)

(XIX ,R) CXHIR) color)
(XIX,L)

✓ A comin Q Q
(010,12) s (DID,4

,→ go 39, 92 93
^ (010,127

(DID,L) (XIX ,L)

v Q
(XIX ,L) lolol) (DID ,R)

,94 395 296 97



Question 23

L= { anbmcntm } accept

° match # a 's with # c 's

° match # b's with # c's

• accept

D a a b b b C c c c c D D

D X a b b b Y C C C C B B

D X X b b b Y Y C c C D D

D X X Z b b Y Y Y C C D D

D X X z 2 b Y Y Y Y C D D

D X X 22 2 Y Y Y Y Y D D

CYIY , R) Cala , L)
(blb , R) (blb, L)

Cala , R) CYIY
,
D

calx, R)
Q Q

→ go s a,
""'"

s 92 oh
r

n

(b12 , R) (XIX , R)

✓

Cblb
,RIC, g,

""'"
s go,

'212'
qs
""'R? go CYIY,R)

414127 r Cblb,DG
CYIY,D

(b12 , R)



Question 24

f- { on
'

}

° in principle , hit and trial

D O O O O O O

X D O O O O O O

LT check for n -- I
,

on Don
"

extra O 's present
add an X

X X D O O O O O O

99 T T T T

check for n -- 2
extra o 's

X X X D O O O O o o missing

T T T T T T T T P T T T

° possible to construct

church- Turing thesis (not a theory)

•

anything that can be computed can be computed by
a turing machine (standard TM)

o variations of the machine add no power (only time) space)

o multi - tape can be converted to single tape by
separating the tapes with a symbol C #)



Computable Function

° Function that TM can compute

° Alonzo
,
Church and Alan Turing

u

c-
t

Lamba TM

calculus -

° Only functions that are computable by TM's are

computable

°

Algorithm : TM decider

° Set of all TMS

← set of all Turing{ M
, ,
Ma
, Mz , . . .

} Machines

{ LCM ,) , L (Mz) , LCM z) , . . .
}

[
set of all possible computable functions

{ P
,
,
Pz
, B . . .

} ← valid computer programs
one could write

Universal Turing machine

° Single TM that can compute any computable function

• Single TM that can simulate a TM CTM for a TM)

• similar to compiler



←
valid TM

yes if
WE CM)

M → →

My → no if wtf CM)
→

W →

→ a loopinput string

similar to compiler

Program→ → yes

compiler → no

yp →
→ a loop

structure of UTM

° 3 - tape machine

0 # I # I o - - current state no
.

in binary
working memory

° I 00 I 0 I encoding of TM (binary strings
compiled program 8192 , b , L) left -- o etc

.

-
-

- w - - - IIP loaded from
, Otp written to

yp - op tape



Chomsky Hierarchy

← Turing recognisable ,
Recursively enumerable

semi - decidable

or

partially
CFL

RL Languages
decidable

TM Machines
PDA FSM

Recursively Enumerable set these languages are accepted by TM

a) a set is recursively enumerable if there exists an

algorithm) procedure that can enumerate all members

of the set

b) makes sense to talk about the ith element of a set

c) can generate an element of the set in finite time

d) if the set can be mapped with the set of natural
numbers N in one - to -one correspondence

e) finite no . of elements between two elements in the set



Question 25

Prove that the following are RE languages (write TM to
enumerate strings)

D set of N write each element onto

2) Setof even nos CE) tape with l - I correspondence
to natural no -s

° countable infinity

3) S
't

• set of all strings over the alphabet E
°

countably infinite
.

suppose 8=19 ,but

• generate strings of increasing length
works

x length o ← can print string
1 in finite time

a
,
b
,
c length I

aa
,
ab
,
AC
,
ba
!
bb
, be , ca , Cb , cc length 2

:

° alphabetical does not work

×
,
a
, aa , aaa

.
. . never reaches b

4) set of all Tms are enumerable

• every TM can be described as binary string

. length 1cm > I is finite - finite binary strings

• set of TM C Cott)* CE't)
(
finite States



° proper subset (not all encodings are valid)

c enumerate like prev . example

° makes sense to talk about ith TM

5) 9 -- { an / m ,n EN } is a set of eve rational no .s

Prove countably

I 2 3 4 5

' E 's ¥ 's . . .

2 if ⑤ Z F ¥ .
. .

check for

duplicates
3 PT I ⑤ Z

,
I - . . in prog .

4 it ¥ Is ¥ . . .

s E E E E . . .

I
g e

'
n

-

, -

"

y

' / ,
t

i

° count diagonally ; not row) column wise

6) Enumerate all strings in RE language

. parallel computation , one step at a time

° no full string processed at once



Non - Recursively Enumerable

• cantor - pair elements of different sets

° Diagonal isation

Question 26

Set of all real nos

l Ee 2 if precision limited , becomes
n n recursively enumerable

infinite nos
between

° cannot enumerate all real no - s

e uncountably infinite

. cannot talk about ith element Creal no .)

Formal Proof

Diagonalisation - proof by contradiction

Assumption : R is enumerable

f-Cn) ⇒ tune . that lists all real no . S

I 3 . ① 4 2 3

427 .
8 ⑨ I 40 Rd =

- 19693

3 8
.
23 ⑥ 7 I complement Iaddlsubl

0③4 9
.
I I 7 9 2 alter

5 2
.

2 3 0 I rot -- o 08582



° rat cannot be # I ÷ it differs in the first dec .
• cannot be # 2 :

'

it differs in the second dec
.

° differs from ith row in ith place

• Fd is new number that has not been enumerated
(contradiction)

e
.

'

. it is not recursively enumerable

Question 27

Set of all languages

any language E E
't ← enumerable

j t all
{ Li
,h . . . } strings

Total no . of subsets that can be formed using
the set 8k

= Power set of E*

L E PCE
't
) 2£

languages

*
Chomsky

hierarchy



Formal Proof

Assumption : set of all languages is enumerable

TMS S , Sz Sz S4 Ss Ss . . .
Call strings - enum)

M
, 4 I O O l l O L,

-

- Ls
, , S4 , Ss - - -

Mz k O l O O O l Lz = {52,56 . . .

M Lz I O l l O l Ls = { Si , 53,54 , S6 . . .

°
°

Oooo?m¥ { ↳ , , o o o , £
,
=gs

, ,s, ,s, . . .

Ls O l l O O l Ls = { Sz , Sz , Sf . . .
'

,
O l l O l l LG = { 52,53 , so , Sb . - -

CI- string is Ldiag
-

- 1952,53 > so 's

in language) I

could be enumerated

find L 's

complement
Trow -KE 44,55 - - . }

not same
"

as any
enumerated string

° differs from ith row in ith place

° i. there are more languages than Turing machines

° TMS are RE and finite

° There are more problems than solutions (Tms)

° Most L are non recursively enumerable Cdo not

have direct description)



° There exist RE languages that are not decidable
as well as non RE languages that are full undecidable

Recursive Recursively Enumerable

. recursive C RE

• enumeration procedure
. enumeration procedure

(Turing machine) (Turing machine)

• Membership function . No membership function
( can enter a loop)

° TM deciders ° TM acceptors

> non- RE CR
,
set of all tangs)

undecidable
> RE but not decidable (PCP

, empty intersection,
halting problem,
acceptance problem)



Chomsky Hierarchy

non - Turing
accepted

Type O unresticed grammar
recursively enumerable language

Turing Machine

Type I context-sensitive grammar
context- sensitive language

linear bound automata

Type 2 context - free grammar
context - free language
push down automata

Type 3
regular grammar
regular language
finite automata

Undecidability

•

Exploring limits of algorithmic solubility ; unsolvability

° Non - RE → no TM

° RE but not decidable → no algorithm for all instances

•

Try to simplify ) alter problem if unsolvable



POST CORRESPONDANCE PROBLEM

° Undecidable decision problem ⇒ RE but not decidable

° Emil Post in 1946
-

° Given two sets of strings A- Ee B framed over the same

alphabet E = La
,
b}

A B

t a
,

b,

2 Az bz9.uhfdinbife
;} a, ↳

same no
. 4 ay b4of strings : . .

in AUB
'

: :
n

an bn

° Come up with a sequence such that if strings of A q B are
concatenated in that sequence, the resulting strings are

equal

o

eg: sequence 3,2 , I
←

should hold
true

93929 , = bzbzb ,

°

Programming approach : if list is finite and repetitions are

not allowed
,
all permutations can be listed and it is

solvable

• If infinite or repetitions allowed, unsolvable



Question 28

PCP for the given sets of strings

A B

I 10 10110

2 111 01

3 110110 1010

° cannot start with 2 as it differs in first place
• cannot start with 3 as it differs in second place
• can start with 1

1 3

A

101101,100
,o
) X

B 10 110

° this set of AGB has no solution

Question 29

A B

t a baa PCP : solve

2 ab aa

3 bba bb

• cannot start with 1 or 2

3 2 3 I ←
solvable

A bbaabbbaa bbaabbbaa
B bbaabbbaa



Question 30

Solve Pcp

A B

l bb bbb

2 baa aab

3 bbb bb

D l 3

A bbbbb (13+31)* any combination
B bbbbb

2) I 2 3
A bbbaabbb

B bbbaabbb

Question 31

Solve Pcp

A B

I 10 101

2 Ol l l l

3 101 011

is !:iEii'
o ,

×

: I:iEii%n : : : Fat:

° If able to prove A : undecidable (PCP)
, can prove B is

undecidable



Idea of Reduction
subroutine

←

A Em B assume if B can be solved
,
so can A

(reduce A to B)

I
know

undecidable

(PCP)

Question 32
,

a loop

(Problem of empty intersection) Given 2 CELS L
, 4 Lz , can

we find out if L, AL, is to

° Reduce PCP to L , AL, =p ; change yp

PCP Em Li n La = 01 ?

A B

Pcp
A l l l l

b 10111 to

C lo O

convert

✓ List A : SA → ISA al 10111 fab 110Sac / -
2 grammars List B : SB→ Ill SBA ) to SBB 1093C f -

b a a C

A 10111 l l l O

B 101111110



° try to generate w= 101111110 with grammars

D SA → ISA al 10111Sab / 10£ / - Cbaac)

(M

SA ⇒ 10111 SA b
nce kept⇒ 10111 ISA ab

in check

g)
←

segue

⇒ 101111 ISAaab

⇒ 101111110 SA caab

⇒ 101111110 -ca④ ← rbeercearusseedit
is nested

2) SB → 1115,39/10 SB b / OSBC I -

SB EF IO SB b
⇒ 10111 SB ab

⇒ 10111111 SB aab
⇒ 101111110 SB caab
⇒ 101111110 - caab

←
undecidable

° However
,
PCP is unsolvable ⇒ solution to empty

intersection is unsolvable (no algorithm)

° One particular PCP is solvable but not all

Question 33

A Em B A is RE but not

B Em C decidable
,
c is

D E m C recursive
.

can this statement be true?

No
,
it is false G A is UD ⇒ Bis UD ⇒ cis UD



Acceptance Problem of Tms Eg Halting Problem of TMS

° Atm and HALTTM

° RE languages but not decidable ⇒ undecidable languages

° Am = { CM
,
w > Iif Mis a TM and M accepts w}
T
pair

• HALT
,
-m

-

- f cm ,
w> Iif M is a TM and M halts on w }

°

Diagonalisatin → reduced Atm Em HALT,m
←
subroutine

T undecidable

Proving that L -- Atm is undecidable

A,m= { em ,w > Iif Mis a TM and M accepts w}

• Assume there exists a TM
' H' that can decide any Atm

(takes CM ,W7)

• Define new TM '
D' that uses

'
H
'
as a subroutine

• Yp : M
,
cm> ⇒ Otp : accept if M rejects description

reject if M accepts description

Machine H CMD CMD CMD CM47 - - . CD?

M
,

A R A R A

Ma A A A A
. . .

R can be

°

OOOMz R R R R A anything
My A A R R R
'

.

.

i must be its
"

,

D R R A A ①
contradiction



°
.

'

. DEE H cannot exist

° Atm is undecidable

HALTTM

° HALT
,
-m

-

- f cm ,
w> Iif M is a TM and M halts on w }

• Halt by accepting or rejecting
° Atm Em HALT

,
-

m

④
subroutine

° Assume there exists TM 'R' that decides the language
HALTTM

. TM that decides Aim =

'
H
'

° If R decides halting , then definitely H decides Atm ; but

H cannot exist


