APLL

T OUNVT -4

¢ CLASS NoTeS

feed batk /eorre cions: vibha @ pesu.pes. edu
®

o Vibha Mosh



CLOSURE PROPERTIES of (ONTEXT-FREE LANGUAGLES

tontext -free lanauasu

PN

Deferminishc Non-determinithe
CDLFLY CNCFL)

Closure P\royer)ns

A ter ¢ closed under an operakion i the operation
ean o\\uoags be tompleted with elements in  the get

CLOSURE PROPERTIES oF (FLs

intergechon

union
. wmp\eme nt

ton cakrenation
Kleene closure
Revergal




CLOSURE PROPERTIES

Tf L it o CFL ond L, 18 o CFL, then LVULl, i

o (FL

* 0r opertion CL or 1)

Queshon 1

Z:= {a"b"<™ | m20 and n20}
Z, = La™™c™ | m20 and n201

Show od they are coted wnder wunion @&¢ CELe

/]z.

2

—0
—0

$§ = 518,
$ — (L)
S, — (L)



IE L i oo CFL and Ly ¢ o CFL, then Lit, is o (FL
$- 8,8,
g""’ Ci,)
8,4
Question &
L= La™" | n2 0]
(L= {Cm dm\ m)—O]
L= £,4, = (0" cMd™| n2o m20}

PDA:

* puth o+ thock G pop bl once b veadhed
* once % veacdned, pwth 't fo Sratk unkl o 4 i seen
« vuulton¥ DA & (FL

18 £ is o CFL, £¥ & a CFL
Question 3
Z= {a™" | n20]
2 = { e n2o3

$ = A8 |
A-> afblA



B Lw oacr, L o L

NON - CLOSURE PROPERMES

« Twrecsechon of 0 CFL wWith an Rb & o CFL

* Tnversecion of 6 CFL with o CFL ¢ not o C(FL

Queshion 4

Z={a™6 " | m;n 20}
£, = 1o e™ lmn 203

i{ N 1, = {dnbﬂcnl ‘\>,0}
annoYy nttruck PDA

+ uos product of PDA and DPA
*oYun  padhe J’)\aml\e\\\a £rom fingle Yok Hate
+ ik both veacth final “tiote, Getepted



4L — tH L — nob (FL

Acwrd\‘na to DzMovgan‘: Low , 4,04, = Z,U-.;-(_1

* Astume Complement +o e cloted and let 4§ L, be
(FLe

* Then , 4, U4, thoud also be o CFL. However, he LHC
LiaL, i not o CFL.

© fhevefore , complement '« wot closed under CFls

CLOSURE PROPERTIES °F DCFLs

+ only closed under complement
Sure  Obowy when +o puch /pop (Single poth)

NON- CLOSVRE PROPERMES

DCFL




Queshon S

.(__{a bmm\w\nzol
Lo - Lo\ ¢ lmn>0}

L= L, UiL

s
Q no} DCFL
NS

Ly

No} hecusar'\\ub tosed

No¥ hecusar'\\ub coted wnder interseckion

M
Z:= a"b¢

Apm M
I, =ab

(3
L=4 0L,

Not hecusar'\\\ﬁ cosed wnder intersedion

.Z {a"L" | n20}
2 = temdm mao)

{7— z’ﬁ(z ‘S D(—FL



Quethion 6

= La"™ | m¢nl
42 fwewt]

=24 (a6 wecwt)

for example W = abb . bhbacabbb
non-determiniem

4 is not & DCFL

8 L s o DLFL, X 6 ot r\ecestarilﬂ o DCFL

CLOSURE PROPERTIES

4 — OCEL 4, = DL Coloced undey wmylzmev\ﬂ
Question 1
L={a"% | n2ol



‘ ﬂivped states

020|020

O bia| A

b 20| 2o




ZLANSNER\NQ QUESTIONS RABOUT cmg

« & thart stove € K« non«gemm’r‘m%
¢ — non %anemh'n%
1 Yot swbm i nOV\—-\-erm'\nMi\r\a
$— ap\bB| C
A— of| Pa|bB non—\—arm'mah'na
2 — bR |Ba Yah
¢ — bA|ag|adh|bla

emphineet & @ dendable 'Proyer-hd

* i ere s A loop, *he language 16 inkinite
(o S 0afbl A whinte
(&  $§- af| bBlc

A > Kb) LB wfinite
2- bRlal

* decidab\e



* derivoble s’fﬁr\ﬁs — an ute Yk a\ﬁoﬂw\m

* deudable

no alaor‘\’rhm fo prove eq,ua\im of (FLe

A\ﬁoriHnm exitte for RLS Cif shact thates \ndis\"\r\aulskab\e)

not deudab\e; o a\ﬁoriirhm

PUMPING LEMMA

* Have Yo tontider Shote as well 0¢ Hhe etack contewte

. ?uW\YK\ﬁ lemma oot e used W twe Lawme way o o
m&“ \ lavgmse_

¢ Work with NF grammare ond we work with lo s’nr}r\ﬁs
8rm>mr an numbey of non-rerminals W Hhe ﬂrammar

+Unlike RLe where we fows on number of dhatec

* Divide wWo & parks

* Ony n prove ¢ L is not CFL Ccontvadiction)



Quettion &

A— Bclo]! Uwmbi wsing porse 4vee
B—> Br|CC| |0 P P'\S ¥
L3 KO
non—fermnals = 3 wz= ll|ooolo
lw| = 2% =4

repeated terminal — infinite




w= 11 0010




lo o0 Io firsk rerabion

—
V) w x ﬂ
W = (\Ll) lo 0O oo (o tecond ierahion
Vv Vv w " ‘a

W= | 11110 000000 |0 Hhird iterakion
W R la
©oonly Vg X keep chavxgic\ﬁ
\wordl 20 n= no.of variobles
(vwzl ¢ m

V) =1

* note: not  uted 4o prove L s CPL; Only wsed when we
cannot  construct o PDA

Quethon 4
L= {a" 6"}

2
w: a' b ™M = 20



Queshon 10

2=10"6"¢" | n 20}

¢ Assume o b ik o CFL

?
Lt €= afb c? P= pumping Lontant/
no. variables

How o &F\H—

Vwi & mode only of a's

P P P
a |b ¢

Vwx

* Vua +oae’fher mutt  contain od leatt one a

aa\bb cCe
u_\ruo'l\A —> not in Z



Vwi & mode only of b's

¢y s vode of some 0% and Some bl

; P-2 p
o 2Rbb\ b b c ¢ L
W vViw \x a

¢ v W made of some bS and fome c'e

LTSI TWYA Pl f/-i
w Vi \w 'La

@hnok pan over all (ab,e) B¢ lowx] & ¥



Queshon 1)

7- {ss|sefapt])

+ cannot wnttruck PDA (ovs\b for 88
. lek s=aboab . m= no.of variablec
1sl 2m Vv
divide wio u,v, W, %, y

Placement of u,v, w0

¢ VWYX Containg On\M a's
Viwat  for i=2

A /a7 b a"b ﬁi
w oy oWl %

©opump g move ol o e Fictt pork

© VWL onoins both o't and Vs

a"\—\ ob O.M b % (

W w) Y



¢ VWYX Containg On\a b's

")/ 6 \0" b %-(

w VWt \(j

* VWL onkains °“\‘0 6's

a™b) /o™ O\ /b % Z

w VW L 5

VWYX (owrain¢  b¢ awd a'e

a™\boaa \ [a™ ) %Z

VY VWA 3

© VWL onroins both o't and Vs

o™ b o™ Y/ a0 b\ /A ¢ Z



Queghion \a
L= {0"b " (n2m]
Assume L s CFL, p= mo.of voriables in CNF
w, lwlzp
wyx(yze w

[vxy) iP cannot tpan  entice shri/\&

Wyl 2 1
o af i cf
a"lb’ it

G.P+2 LP O-e ¢ .(



af bplae \A 4’, 2

o.p Lpaf
aaaq...oabb ... bhaa .. .ao0
PP
apba
0Q ... 068bk.. . bbaal...oa
Question 13

2= 1" b""a" | om20Y
Assume L & CFL, p= no.of vaciables in CNF
W, lwl2p
U\V')L%'L:— w
[y _‘.P
Nn\ 2



P4 e P
W= & be

d

Vay on\a als — nww F A )

0 --.(00bb)--- bbece . ..ccdd ... dd

¢+ d will not march nem
L

only kS — dlt will no+ match
be — 4  not matrthed
only ¢ — 4 gC nok makh
vy - over Gavl) — ruled out
Uy over «d — a#c

only a'c — won't by n¢m



¥ Queshon |4

Z- Lo" \n20)}

\wrhd' Lqwnares
(‘—{_h,&,of‘) al, o,

Assume L & CFL, k= mo.of vaciables n CNF L?umPic\a ontant)
w, lwl2 k
wyyze w
l\r'xta\ LL
\\In\ 2 )

et n=t'

I'-
Le¥ w= ot

¥ iz2o, wed  wzu'ny'2
W containe only a'

\HA - n.f Cpump ymeo

ep

w= 0 = &



¢ 4o 30,-\— e net PLr-Peo\' LouAYe of w2 --’L-'\-t\)z

vt Ly
fox o, next S?('(iV\O % A.(' )

AR VAZS))
o

i p= A, only then  he langusge i acepred

1\/&3\ would be vt

but Wﬂ\ < %
* Quethon |
\
L {a“' \n201
W= &m‘ V= a.k‘
Y=iat
wv L Y 2
0k, t Qk‘_'rk



}tu/u'/rv;/
MACHINE

More ?owcd'u\ ¥an CFls
Lan s — remrs‘we_l\o enumerable \a wxaes

. Turm& oward - hta\:\u\’ oward  given

Alan Turing , 143¢

treoted an  obghyact machine C?oan on Computable Nuwbotrg
— 192¢)

mm?uﬁna done on popes using swm\)o\s

« Imuaine paper b be tope divided nto Square  boxes and
the Qnyc 1€ on  obitvaet moachine

- oehaviour of o compurec Cpersond Aetermined b:j e tymbol
thew ore um\a ond #heir thake of wind

* franpihion o\epv,vuh on wWhat thare one '« in Dnd what one «
loo\dnd ot on +he +ope

Turing  Machine
@

to,Pq, - MCW\Oﬂi

T -
/ infine in
each ce\l '[ both direchions
can Yeod [weike
hold a sirgle head

s\dm\ool



for w= 000\|

e — 1

V\:g tomputakion that o wodern ch [TV b\e
P ormwa an be performed Ceomp by A Tu\m\% N\acwmc.

* T 0 compwidion Cawnok be peckormed a ’(uxriz\&r Maching,

wen i cannet be ?ufc‘o«v\zd by & Wodem  LoMpRTer

© Tope dakd  Qvurure ackt og inpuk, owtput ond  etores

intermediote mwmov(a Cinfinive memory)

formal DeRnition of Tuvin& Machine

1-tuple, M = (s, ro, g, s, oy k)

8 — finite Se- of srates
[ — fope olphabefs
D — blane ‘b"“"”‘
& — olphabef
§ — 4rangiton Funchion
9, — Shark ttate
f — sk of final Stares
read/write
¢
= BxI —s Bx(x §{L,R]
move o Ywe
left or \'16\1\\'



* TM ic more pewerful Yan PR and  PDA  ond any Wir&

accepred by them i occephed by T™

Ouesthion b
L= rwﬁ b |n2I] thow Cuceprance \o\d ™

w= aaabbb

-~ Dlalalalb| b bl B|O

kam\
60oabbb — Xap Yblb [
Xaob bh ®a a @b b
Xaabbb XxXXaVYhb
Koa bbb XXaVYbb
Xaay bb XXaYbh
XooaYbb — XXo Y Yy —

xx ooy Y b

XXoaV Yy

X XaVYV b

XX XYYh

xx xYY b

X xx YY)

xKxx YyYy



Question 17
Z=1a"6"c" 1 n21)

w = aabbee
- 0lalalblb|lc]c| B0 C'Z)Z,L')
(\/)\/,\')
Y,Y,R) (2,2,®) Ca,a,L)

)q,k) CbybR) Co)b,L

)
Cﬂ,X) R)A Cb;\/; R) CC)ZDL)
DG

(X, %, )

(u D, n}L)
Y, Y,K) uﬂ D

L'L,'L ﬂ)



Accepromce

No W,‘D‘m\ﬁ travgihion from finol Stode

—~O—0
0—O

TF woadine halle (w6 non-final ttate or enters

loop , ¥he Shring s vejecked

o

b

(bjo,L)
Ca,a,R)

(2

©

an {nfinite

* TF waehine halts on Final stoke, wring S aceephd



Turine) Machine,

ECeEieE s

Decider P«aq*or

s MYwez - wed
v all rings of particalay i

o lang algorithmd n A \awg)\mf;a
» either uaeg a\l .

only con cerned
oY n.")uk al obooutr & &\'A&le &\"fd\%

© Turin accep#ul mahing

* Rewurtively enwmerable lanpuane umpreo\i chable

Conhinnahon of Quethim 16

z = {a'\bﬂ‘r\>—01
Trandibon funehion

8(g, . o) = (g, %, &)
sc?{,;b) = Walk

86%10 = (Q,,Q‘k)
$a, ) = (g, Y,0)



C\})\I) K) Cy) Y, L_)
(a,a,RD (1,4,
replace O
(a,%, R) (o, YL
Y
LY;‘/,K} \_/
X, %, K

(0,0,

state o b X ba 0
% [8,,%,R| halt halt |o, AR halt
qw Q, ) “) K %7\’ ) L ka“" '1. b \I: R N‘\k
92 (4,4, L | hatt [g4e %R g, v L Walt
Qe holt halt | halk g, v &|4q,,0,k
9 halt halt | walt halk halk




Queshm 8

U 0
L=10 10 | nm21]} L“"{}““b‘ of Multiphication
X0y

m

i/p — ofp =0

'\noﬂm

» Perfrrm repeated  addifion
w= 000]| 00

- Prir\k 00
— print- 00

w= opojoo 0NNODDOD
TT TT
x| 0o
X DDO
00

wnhinue



¢ g SUoMogog

N

AOO (xp0ODDD DD
noo (xxpoop ppo
A00I0000OQ D AON
hholXoD0OOONQAD
AROIXXO 0000 D
phAOIOOD 00000 D
AAAIXO [ Qoo0 0O
AARIXKXKQOO00 DO
ARP\OO( bO02 0D
000(0o0 0p00ODO

machine should
be modified



Question 19
L= ;.UOUO\ W e {A\'O?l*}

* wrire down logic ¢ Haen towthuct -—W\ano\a'l'oné
« wmwer fad centre

« divide &ring of even lensth o 2 eq,m\ parts

R U ] 'v\poi\' een, ka\@h

« wakth fictt Walf with  Setond  half

w= obaaba

0dab aabalnn

DDRBO\QBGKD ‘F\.V\A
0 0an@oaalb &0 centre
0 0 & kD0 oo b ag
0 0abalabad
0 0OabaO0a bal match
00 AR & OARAT]
0OpAB K DABAD




(A a5L) Ch,b,R) CXYS)
,0,R) (8,8,R)

T Q (L)
((WXW (0,0,R) (a,h, RO (0,0,R) Cb, byL)
OO0

(0,0,R11) UoyB)R) E‘;;Q:g (ash, L)
()
@ C0,0,R) @ (b,8,L) @ (n,AL)
U ? (B,8,1)
(2,058 (0,0,

Cb)b) k)
B, R) w
ch,p,R @

Ca,0,L)
(byb,



Quethon 20
Lonanage of Subtrachon

write ¢ onto
c 6 adb e
+ d a: —¢

L= 1a"b"c® k= m-n|nm2i]

copy # of ¢ [ aabecc — ghoud wWolkd

=) ktn=m ¢r

o= #bt+HC
aoaoabbcc000D
¥XoaaaVyYbbccpbDo
X Xaon YY ccDUOOD
X XXayYyYy2c0c0d
X XXx VYYzz2z0cc




oaca bb cc
XoaaaY

X Y¥an?Yer
K¥¥aY Yie D
X¥¥¢¥Y¥Y220ce

Ceye )R



A bbbb ce 9 XX¥YYbzeO-c
Xa¥eh ce X¥YWYYz10-Cc
X¥XVYY bbce

C¥,X,R)

@ (8, c,L) CK,Y,R)
‘gﬁ K) &) o
< ) (0,8, R). (6,6, C0,b,1) Ly, R
o Cc;c;L)

G2, 2,0 o,
b, Y, R0 C;.Y,7L)> 6% D

(oDL)

gortc



Quwestion 3\

Lo 1", n=1}

{ =

Ooo L1Vttt

-
-

w

xxoYYYYYYu
XXX YYYYYVYYY

X 00 YyylLLi Lty

Tt ope ontentrs

L

D ooo

D zo o |

\

\

0 wWwo oY \

0wx oVY v
0 wx x YYY

{

|

{
(

0 zoovYvyYy|l
2207V VYl
D W20 YYVY Y

\

\

0

\

{
!

\

0
0

CwwoYYY YV

DWW XY VYYYYY LI

0

0 220 VYVYVYVY YY (LI

02 22YYYYYY (I

0

AwWwz22 YYYVYVYY Y CI

DWW2YYYYYYVYY ] D
OWWWY YYYYYYYYD
022 2YYYYYYYYYD




) Uhede B 0 exisks

D Unede i o 1Y Lorrespono\ir\@ to faad O exich

D Repear
pee C212,R) 2z,
YY) Yly,L
LO\O)R.) CO‘O')L'))
(z\w, R)
(w]w,R
X1x%, R)

&lo,L) Qtv\v. )
u

(w|2,v)
Cz)2,L) KY1Y,R) xjo,v)

@ (0lo,R)

O

CIENY)




» sraldler (212,R) (2|2,L)
CYIYR0 v,

Gl (zly)) (010,R) tolo,)

O/ Colz,L> Q Q

(W\WR)

ay,
i (xlo,L)
o Dcw\z,w
(0 o,R ‘
W
G IYLR)
Quegkion QY

*ever f’ouno\>
oneck fox  M2) of the

N

=10 ] n20} cemainiy 2eroes

n=>% * Sfrike out alternate

exoLs

0 boobbOSoo0opb
0 X 0OXO0OX0D0X DD gy for & 0, Rt
0X XX DX XxXxo00 cound 4 Wil go, then
DX X x XX xXxo0o , then \ shen )
0 XXX XXXX XD




XX, R) oX)%,0)
ﬂ lx,R) Q, (X1%,0

(016,0

(0lo,L)
CRIxL)
08,0
K0 X)¥,2) (olo,L)
y Q w0 () (g_?’w
(8]0, N
(1)

)
(.x‘¥|l:) L‘ 2
(W) H() ()



Queghion 23
™m n+m}

Z=1a"% ¢ nCeepr
o marth #alt With #cls
o wokth AV with  Hcs
* Oeeept

0 oo bbb Ccccec 00
DXabbdbyYCcecccl
DX X bbbVYVYcccCclaog
0 x x 2b b YYYCCQODO
D xx z2bYYVYY CD )
hbx xz22YYYY/O0D
(—\“\’)K_) CA\A,L‘)
(blb,R) CblbyL)d
Cala,R) My,v)
Q @)
e
Cb‘?—)k)
oYy, g (blbyL)

MYy

b|z,0)



Quethon

Z- 10"}

* in Pvim)\p\g ht and Avial

00O 0OO0DOOVO
XpH OO0 DL O D

XX DO OoooO oo

XX Xx 10 00 0 oo miing
TTTD

. Pos:ible to wonghudt

Onurth-Turing twesis (nor O Yheorw)
U A4

*© annthing that can be  wompted can b omputed by
a “furivg machive Cstandayd TM)

» variavont of ‘e wadhine add no power (ov\\S +im/sFace>

* Mulki ~tope wn be conwverred 4o s‘mg\e '\'O\La by
feparating the tapet with o dymbol ( #)



Comgumb\e funthion

* funthion thor TM can  ompuie

Mom.(i Unurth ond Alan Turi ng
Lamba « 1}\'/\
Caleulus < 2

* Onlu funthont Haok are computable oy TMY%  are
compu’mb\e

. Nﬂor'\\'hm: ™ decider
Set of oWl TMe
im, m,my, 0
{ 2D, M), Lemy) L

L)

Univerda\ Tur'\r\g Ma chine
. Sina\e TM 4ot can  Compute cm‘tj mequable funchion
. Six\@e TM  that con &imulate o0 TM (TM foyr & TM)

«  Simv\ar Yo wm?i\e(



[ €M

M P yet i w )

™M ' ™

N L W — a0 i  wg(m)
S loop

Similar Yo Compiler

Yroamm Ll 5 Ve
Jp compiler —s 0o
)
™S o loop

rwcdure  of OTM

* 3-tope  machine

O# \ # (0o -
workivs memor&

o ooOo | ot
Lomp‘\\ed progcam leftr=0 ek

“Twl -1t
VP-0/p tape




Chomsky Hierarchy

Turing reco nisable,

ol ] X
Rewvsively enumerable £ temii- decidable
or
L

parially S RL
oecdable

™

PDPA FsM

Rewrsively tnumecable Set

) o Set s rzmrs‘\va\n enumerable £ ere eyittt an
a\gorithm/ procedure ok can enumerare ol memboers
of +he et

b) moket Sene to tallc Obouwr e Wh element of o set
0 o 8ehem’m on element of the sebk in Ffinite Yime

d) f the ser can be moapped With he Ser of notuval
numbers N in one-to-one Lorrespondence

) Finite no. of elementt Yetween fwo elements n ¥he Sek



Queghion S

Prove thal twe #‘o\\ow'\ng are Re \anoumages (write ™ 4o
enumerate  Hrings)

) Serof N :I write each element onto
1) Serof even ao.8 (€) tape  with 1-| corretpondonce
Yo aotural nog

» tountab\e \nPini’r3
3 &F
¢+ sk of all shrings over 4he alphabet &

ountably infinite
Suppose S = {ab,c}

*generate Shings of intreasing  lewskh
wWorks X e can prink &i

\ [ AN i Knire Kieve
an, b, ac, bo,bb,be, €a, th, ce
' alphabetical doet nok work
Ay O, an, 000 -..  never veaches b
§) Setof all TMs 0Ore wauwmerable
*ery TM tan be  destribed ag binary siving
© length lem>1 i fintre —— Rinite binary stringg

sekof ™M < Lot (8D



proper Swbsek  (nok all mcodmcas are volid)
«enumerate  (ike prev . example

wmakes sente fo Al obour ™ TM

) Q= f{m |mn ENY & o stk of 4ve rohonal no.s
D )

Prove wunhxb\xa o

1 a2 3 4y o5
2 WL 2 SPZ G P ¥
i) 2 & 4 5
2 | = @7‘. 2z thede For
L \z/ 2 t j o\up\\ca\—ns
3 3 .
A" A S o prop,
u
g |4 Y5 (B¢
¢ ¢ £ s @
S| 2 T v 3

« Lount o\ia&om\\\o} not row/ column wise
@Ex\umerod'e all &hrinsg wn RE lavxbmaa
» parallel ompuinhion  one step ok a time
P pufation, p

- nofull Sing procesced of once



Non- Qemrs‘we\\u)\ caumeyoble

+ Lanor — polr elemenye of dilfevent Sefx

. Dioxﬁonahs oXion

Queshion b

Sex of oll real nos

| & 1 it preciston limived, becomes
1 1 recurs\ve\3 enumiy oble
infinite no-s

between

« wanot enumerate all real no-s
¢ unounta b\3 nfinite

v N0y tolk oout ith efewaeny  (real noY)

Dio\gsov\a\'\wh' on — proof by Contra Aithion

ASsumplion: R it enumerable

£w) D funt. Yot 1&ys all rceal no.g
I 3. Wg4g13¢4
Q 1 g9 | ¢o
3 8. 237 ) omplement / add [ sub/
] 4. 1 1@ alter
S /A L3o0 |3



Cq cannotr be # | - ix differt in Yhe Pt dec.
o cannot be H2 Vit oiffers in the Second dec
diktece fom ™ row 10 1™ place

* Y4 & new numbtr ¥aod has not been enumeroted
Ccontyohitxion)
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